Let K be a convex subset of a uniformly convex Banach space. It is proved that if K is compact, then the fixed points of a continuous generalized nonexpansive self-mapping T on K can be approximated by the iterates of T, with t B (0,1), T,(x) = (1 -t)x + tT(x), x e K; T, is asymptotically regular if T has a fixed point.
+ a4<7(x, T(x)) + a5d(y, T(y)), where a, = at(x,y). It is clear that T is generalized nonexpansive if it is nonexpansive (d(T(x), T(y)) < d(x,y), x,y £ X. R. Kannan first considered those T which satisfy (2) with ax -a2 = a3 = 0 and a4 = a5 < \ [5]- [9] . S.
Reich considered those A which satisfy (2) with a2 = a3 = 0 and with constants ax, a4, a5 [11]- [13] . Recently, G. Hardy and T. Rogers considered those T which satisfy (2) with constants a,'s [4] . In [3] , K. Goebel, W. A. Kirk and Tawfik N. Shimi proved that A has a fixed point if A is a weakly compact convex subset of a uniformly convex Banach space and if 77 satisfies (2) with constant coefficients. Other related work can be found in [ 15] - [19] . In this paper, we shall investigate the theory of approximations to fixed points of generalized nonexpansive mappings.
(X,d). T is asymptotically regular [1] if for any x in X, {d(T"+x(x),T"(x))} converges to 0. For a Banach space B, we shall use d to denote the metric for B induced by the norm || || of B. Theorem 1. Let X be a convex subset of a uniformly convex Banach space B. Let T be a generalized nonexpansive self-mapping on X. Suppose that the fixed point set F = {x G X: P(x) = x} is nonempty.
Then for each t in (0, 1), the mapping Tt defined by
is asymptotically regular.
Proof. Let x0 G X, x"+1 = T,(xn), n = 0, 1, 2, .... Since
it suffices to prove that {d(xn, T(xn))) converges to 0. Since P is a generalized nonexpansive mapping, there exist symmetric functions oth i = 1, 2, ..., 5, of XXX into [0, oo) such that 2" i «« < 1 and for all x, y in X,
where a, = at(x,y). Each a, is symmetric. So we may, by calculating
, assume that a2 = a3, a4 = a5. Thus a3 + a4 < j. Now let x G X, y G F. From (5) (with a, = a,(x,y)),
Since 1 -a3 -a4 > 0 and 1 -a3 -a4 > ax + a2 + a4, By (6) and (8),
||y -P(x)|| < ||y -x||.
so {||y -x"||} is bounded by M = \\y -x0||. If y = xn for some n, then from (9), {x"} converges to y and the proof is complete. So we may assume that So {xktn\} converges to y. By (6), [Tixk,n\)) also converges to y. Thus dl^/Un) -P(xk(n))W} converges to 0, a contradiction to the choice of r. If / > \, then 1 -t < j and we can repeat the same argument by writing (10) as ILy -xn+x || = 11(1 -T)iy -xn+y-T(x")) + (2/ -\)iy -T(xn))\\ < (1 -t)\\y -xn +y -Tix")\\ + (2/ -l)||>> -T(x")\\ < (1 -t)\\y -xj ||(« + ")/2|| + (It ~ \)\\y ~ xj; a contradiction will then be obtained as before if we interchange the roles of t and 1 -t. Hence Tt is asymptotically regular. The above result was proved in [14] for nonexpansive mappings.
2. Successive approximations.
Theorem 2. Let X be a compact convex subset of a strictly convex Banach space B. Let T be a generalized nonexpansive self-mapping on X. Then:
(a) The fixed point set F = {x G X: T(x) = x} of T is convex.
(b) // P is continuous, then F is nonempty and compact.
(c) // P is continuous, then for any x0 in X, t in (0,1), {Ttn(x0)) converges to a fixed point of T, where P(x) = (I -t)x + tT(x), x G X.
Proof, (a) Let x, y G P, t G (0,1), and, and z = (I -t)x + ty. Then by (6), d(T(z),x) < d(z,x) = td(x,y). Similarly, d(T(z),y) < (1 -i)d(x,y) . By the strict convexity of P, T(z) = z. Hence P is convex.
(b) By continuity and the Schauder-Tychonoff theorem, P is compact and nonempty.
(c) Let n > 0, x" = T"(xq). Since X is compact, {x"} has a subsequence (x*(/i)J wmcn converges to some point x in X. We shall prove that x is a fixed point of P. From (9), {d(xn,y)} is monotonically nonincreasing. So by continuity of || || and Tv H*_ y\\ = J™ K(«+o -^H < "!™, Kw+i -y\\ By (19) and the strict convexity of B, either x = y or T(x) -y = s(x -y) for some s > 0. From (19), s = 1. So x is a fixed point of P. By (18), {d(x",x)} is monotonically nondecreasing. Hence {x"} converges to x.
